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Abstract. In the framework of black hole spectroscopy, we extend the results obtained
for a charged black hole in an asymptotically flat spacetime to the scenario with
non vanishing negative cosmological constant. In particular, exploiting Hamiltonian
techniques, we construct the area spectrum for an AdS Reissner-Nordstrøm black hole.
1
1 Introduction
The road leading to an explicit formulation of a full quantum theory of gravity
necessarily requires a complete comprehension of the role of extreme gravitating
objects such as black holes. In particular a key question concerns the characteri-
zation and the construction of their Fock space of states in a quantum version of
general relativity. An answer would grant us the chance to study the spectrum
of operators acting on the Fock space and, consequently, the quantum numbers
characterizing the expectation values. Furthermore, this project would ulti-
mately put to test the long standing conjecture according to which a discrete
spectrum is associated to the area operator of the event horizon.
In this connection, a landmark has been set by Bekenstein (see [1] and [2])
who suggested that the area of the event horizon of a black hole behaves as
an adiabatic invariant of the associated dynamical system. With this hypoth-
esis and assuming that the standard rules of quantum mechanics could also be
applied in a strong gravitational field, it is possible to appeal to the so-called
Ehrenfest principle. It grants that a quantum operator with a discrete spec-
trum corresponds to any classical “adiabatic” observable on a phase space. The
reasonableness of the above assumption has been addressed by several authors
and, in particular, it holds for a neutral non rotating black holes [3, 4]. The
natural subsequent step consists of conjecturing that the most general form for
the area spectrum is:
A = na0, (1)
where n is an integer number and a0 is a constant proportional to l
2
p, the square
of the Planck length. Under the same hypothesis, this result have been gen-
eralized to charged black holes, such as Reissner-Nordstrøm, with one notable
exception: the role of adiabatic invariant is not played by the area A(M, q) de-
pending on the massM and the charge q but by the difference between A(M, q)
and the area Aext(q) of the black hole in the extremal classical configuration [5].
The only setback in the above construction lies in the heuristic nature of
Bekenstein results which, thus, cannot provide any precise mean to rigorously
justify the shape of the area spectrum and, in particular, to find an exact value
for the constant a0 in (1). The are two notables approaches for making more
precise and predictable the above arguments; the first has been proposed by
Bekenstein himself [1, 2] and it is based on an axiomatic point of view accord-
ing to which one constructs a closed and linear algebra of observables for the
black hole Fock space such that the spectrum can be directly inferred from the
properties of the algebra itself. Within this framework, (1) is confirmed on a
firmer ground though the specific value for the constant a0 cannot be derived.
The second approach instead concentrates on a Hamiltonian formulation [5]
i.e., by exploiting a generalized Birkhoff theorem, the dynamic of a spherically
symmetric background, can be described on a “reduced phase space” where
the main variables are diffeomorphisms invariant physical observables quanti-
ties, such as the black hole mass and charge, and their associated conjugate
momenta. Within this framework the rationale is to select a suitable canoni-
2
cal transformation of coordinates for the phase space in such a way that the
Hamiltonian for the dynamical system is similar to that of a harmonic oscilla-
tor. A rather direct quantization procedure for the Hamiltonian itself and, when
necessary, for the charge sector, allows to directly retrieve the area spectrum.
The advantage of this scheme over the axiomatic one lies in the absence of any
a priori assumption either on the shape of the spectrum or on the existence
of a particular algebra of operators. Furthermore the results confirm Beken-
stein suggestions and a specific value for a0 can be directly inferred; it is also
possible to show that ultimately both methods, the axiomatic and the reduced
phase space, are completely equivalent, either for charged either for neutral, non
rotating black holes [6].
The phase space approach has been applied to a wide class of specific black
holes, the most notables being the Schwarzschild (see also [7]), the Reissner-
Nordstrøm [5] and the Kerr black holes [8, 9] though, in all these scenario, a
condition of asymptotic flatness, has been imposed. It is thus natural to ask
ourselves whether it is possible to generalize the above results when a different
class of spacetimes is chosen. Here we consider asymptotically AdS black holes,
though we will not refer to the neutral non rotating case which can be seen
as a particular subcase of [15] and of [16]. On the opposite we concentrate on
the AdS Reissner-Nordstrøm case, we construct the area spectrum and we test
if it is still equispaced even when the charged sector is taken into account. In
other words, we consider what is the effect of the cosmological constant on the
eigenvalues of the area operator.
Beside testing Bekenstein ideas in a broader setting, there are wider motivations
to address this question since asymptotically AdS backgrounds play a central
role in current research. In particular an answer to the above query should
be seen as a starting point to test the results of black hole spectroscopy from
the point of view of the AdS/CFT correspondence [10] and to compare them
to other approaches to area quantization [11], in particular that of quasi nor-
mal modes [12, 13] where a comparison with Bekenstein approach is still rather
elusive at least in an asymptotically flat black hole background (see [14] for a
recent exhaustive review).
The outline of the paper is the following: in section 2 we review the reduced
phase space approach and the scheme of quantization. We will also discuss this
method in the context of an asymptotically flat Reissner-Nordstrøm black hole.
In section 3 we deal instead with the AdS counterpart explicitly constructing
the spectrum and commenting on the result. In section 4 we draw some con-
clusion and we propose some possible future lines of research. Eventually, in
the appendix, we review the axiomatic approach in connection with the method
discussed in sections 2 and 3.
3
2 The reduced phase space approach
As we have outlined in the introduction, the remarkable arguments put forward
by Bekenstein, in order to calculate the spectrum of the event horizon area for a
black hole, are heuristics and they are considered as the starting point to set the
black hole spectroscopy in a more rigorous framework which is here introduced
and reviewed.
2.1 Construction of the area spectrum
The rigorous approach to black hole spectroscopy, we now discuss, is often
known as reduced phase space formulation [5, 15, 16, 17, 18]. Since our aim is
to ultimately apply this specific method to a charged spherically symmetric non
rotating AdS black hole, we start from a rather general framework, specializing
the discussion in the next section to the asymptotically flat Reissner-Nordstrøm
black hole.
The starting point is a four dimensional Lorentzian smooth manifold M4 and
the Einstein-Maxwell action [19]
S =
∫
M4
d4x
√
|g|
(
R
16π
− 1
4π
FµνFµν
)
, (2)
where Fµν = A[µ;ν], being Aµ the U(1) electromagnetic potential. If we intro-
duce the usual coordinate system (x, t, θ, ϕ), a generic spherically symmetric
metric can be written as
ds2 = gαβdx
αdxβ + r2(xα)d
2Ω(θ, ϕ), (3)
where d2Ω(θ, ϕ) is the solid angle element and where the strictly positive valued
function r(xα), the radius of the sphere and the metric gαβ depend only upon the
coordinates xα
.
= {t, x} spanning a two dimensional spacetime M2. Assuming
that also Aµ is spherically symmetric, a direct substitution of (3) in (2) provides,
upon integration of the angular coordinates and under the rescaling r → √2r,
the dimensionally reduced action (c.f. section 2 in [20] - see also [21] and [22])
S =
∫
M2
d2x
√
|g|
[
1
2
(
gαβ
2
∂αr∂βr + 1 +
r2
2
R(gαβ)
)
− r
2
4
F (2)αβF
(2)
αβ
]
, (4)
where R(gαβ) is the scalar curvature associated with the two dimensional metric
gαβ and F
(2)
αβ is the two dimensional electromagnetic field strength. For our
purposes, dimensional reduction plays a key role since it allows us to perform
a Hamiltonian analysis of the spherically symmetric Einstein-Maxwell action
along the lines of [23]. In this last cited paper a more general class of dilatonic
actions have been taken into account namely:
S′ =
∫
M2
d2x
√
|g|
[
1
2
(gαβ
2
∂αψ∂βψ + V (ψ) +D(ψ)R
)
− W (ψ)
4
FαβFαβ
]
(5)
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where R is the scalar curvature, ψ plays the role of the dilaton field, Fαβ is
the electromagnetic field strength and where V (ψ), D(ψ) and W (ψ) are generic
functions. Whenever D(ψ) is at least a differentiable function of ψ such that
D(ψ) 6= 0 and dD(ψ)
dψ
6= 0, it is possible to cancel the kinetic term by means of
a suitable field redefinition [20]:
g¯αβ = Ω
2(ψ)gαβ , φ = D(ψ). (6)
Here Ω2(ψ) is a conformal rescaling which, up to an irrelevant constant, is set
by
Ω2(ψ) = exp
(
1
2
∫ (
dD(ψ)
dψ
)−1
dψ
)
. (7)
According to (6), (5) becomes
S′ =
∫
M2
d2x
√
|g¯|
[
1
2
(φR + V (φ))− W (φ)
4
FαβFαβ
]
. (8)
An important property of this action has been discussed in [24] and in [25]
where a Birkhoff-like theorem has been proved. In detail, it is always possible
to find a suitable local coordinate frame such that the metric arising from a
solution of the Euler-Lagrange equations of (8) is static and it depends only
upon diffeomorphism invariant parameters. If we introduce a suitable time
coordinate τ and the spatial coordinate σ ≡ φ, the most general solution can
be written as
ds2 = −f(σ;C, q)dτ2 + f−1(σ;C, q)dσ2 , (9)
f(σ;C, q) = −C + j(σ) − q2k(σ), (10)
Fαβ =
q
W (σ)
ǫαβ , (11)
where C, q are two constants of integration which are respectively related to
the ADM mass and to the U(1) electric charge, as we will clarify when we will
deal with the Hamiltonian formulation. The functions j(σ), k(σ) instead are
implicitly defined from the equations
V (σ) =
dj(σ)
dσ
, W−1(σ) =
dk(σ)
dσ
.
We can now discuss the above mentioned Hamiltonian analysis; as a starting
point we assume that M2 is locally R× C where C is a one dimensional spatial
manifold, not necessarily closed. A generic metric can be written as
ds2 = e2ρ
[
−N21dt2 +
(
dx +N22dt
)2]
,
where x now is a local coordinate for C and ρ,N1, N2 are generic functions of
(t, x). Plugging this metric in (8) and slavishly repeating the analysis of [24],
5
we find that the momenta associated to N1, N2 and to A0, vanish; consequently
these fields play the role of Lagrange multipliers and, besides the dilaton φ,
only ρ and A1 are dynamical degrees of freedom. If we introduce the conjugate
momenta Πρ,Πφ,ΠA1 , the full Hamiltonian is the sum of two components, the
first is the canonical Hamiltonian Hcan. whereas the second is a surface term
needed whenever C is non compact in order for the Hamilton equations to be
fully consistent with the Euler-Lagrange equations i.e.:
F = ρ′Πρ + φ′Πφ −Π′ρ ∼ 0, I = −Π′A1 ∼ 0, (12)
G = φ′′ − 2φ′ρ′ − 2ΠφΠρ − e2ρV (φ) + e
2ρ
W (φ)
Π2A1 ∼ 0, (13)
H = Hcan. +Hsurf. =
∫
dx
[
N1
G
2
+N2F +A0I
]
+Hsur., (14)
where F ,G generate spacetime diffeomorphisms and I enforces the U(1) gauge
transformation. These are secondary constraints and the symbol ∼ 0 implies
that they are weakly vanishing in the Dirac sense (c.f. chapter 12 of [26]). Con-
sequently we are dealing with a dynamical system with six first class constraints,
three primary N1, N2, A0 and three secondary F ,G, I; according to [24] and to
[27], the latter can be solved as:
Πρ = Q[C, q, ρ, φ], Πφ =
g[q, ρ, φ]
4Q[C, q, ρ, φ]
, ΠA1 = q, (15)
where C, q are two constants of integration which turn out to be the same as
those introduced in (10) i.e. they are respectively (proportional to) the ADM
mass and the electric charge. Moreover a straightforward counting shows that,
to each point in M2, it is associated a six dimensional phase space and the six
above mentioned first class constraints, thus there are no propagating modes in
the dynamical system described by (8).
The next step lies in the key observation that C, q have vanishing Poisson
brackets with all the constraints and between them; consequently they can be
written in terms of the original phase space coordinates as
C = e−2ρ
[
Π2ρ − (φ′)2
]
+ j(φ)− k(φ)Π2A1 , q = ΠA1 , (16)
where, as before, dj(φ)
dφ
= V (φ) and dk(φ)
dφ
=W−1(φ).
Thus, from a direct inspection of (12) and of (13), it appears that both C and q
are independent from the spatial coordinate on C, but, more importantly, they
are also the the unique independent physical observables in the Dirac sense [24].
Let us now introduce the canonical momenta associated to C, q namely
ΠC ,Πq referring for an explicit expression and a discussion about their spe-
cific properties to section IV and VI in [24]. We simply remark that, according
to the analysis in [28], Πq is related to the asymptotic choice for the U(1) gauge
whereas, if we consider an evolution between two different instants of time, ΠC ,
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at infinity, can be physically interpreted as the time separation. Furthermore
the following key relationship holds [5, 24]:
δΠq =
Φ
2
δΠC + δλ, (17)
where δ refers to a variation under a change on the boundary conditions and
where Φ is the electrostatic potential calculated at the boundary under con-
sideration. If we take into account the above remarks and the absence of
propagating modes, we can switch from the six dimensional phase space gen-
erated by (ρ, φ,A1,Πρ,Πφ,ΠA1) to a reduced phase space Γ ∼ R4 generated by
(M, q,ΠM ,Πq).
In order to complete the analysis of the system ruled by (8), the last step
consists of discussing Hsurf. in (14) i.e. we need to impose suitable boundary
conditions on the phase space variables; we follow [24] and mainly [23] where this
issue is dealt with in detail for charged black holes arising in two dimensional
dilatonic gravity. Let us nonetheless briefly summarize some key points and
results: by direct substitution of (16) and of the explicit expression for Πρ,
Hcan in (14) becomes
Hcan =
∫
C
dx
[
φ˙
φ
F − 1
2
(
σe2ρ
φ′
C′ −A0q′
)]
.
For any metric whose expression approaches asymptotically (9) in such a way
that, at spatial infinity, φ˙ → 0 and σe2ρ
φ′
→ 1, the surface term can thus be
chosen as
Hsur. =
∫
C
dx
1
2
(
σe2ρ
φ′
C
)′
+ (A0q)
′
,
where we can identify in the first term the ADM Hamiltonian HADM and,
consequently the ADM mass M = C2 . In spite of this result, from now on, we
will switch from the coordinates (C, q,ΠC ,Πq) for the phase space Γ to the fully
equivalent coordinates (M,ΠM , q,Πq). Within this framework it is possible to
write the action (5) as a function on the reduced phase space i.e.
I =
∫
dt
[
ΠMM˙ +Πq q˙ −H(M, q)
]
, (18)
where, according to the previous discussion, the Hamiltonian is independent
from the momenta.
Let us now slightly specialize our analysis to a specific scenario where (9)
describes a black hole background and, thus, necessarily it exists at least a
value for σ, say σ¯, such that f(σ¯,M, q) = 0. Within this framework, the action
(18) represents the starting point in [5, 17, 18] to explicitly construct the black
hole entropy spectrum and consequently the area spectrum since, as we will
emphasize later, we consider only black holes where the Bekenstein entropy to
area ratio holds. The first step in the analysis involves a Wick rotation from
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the Lorentzian to the Euclidean metric. From a semiclassical thermodynami-
cal analysis, we can infer that the mass momentum becomes periodic i.e. ΠM
must be identified with ΠM +
1
TH(M,q)
where TH(M, q) is the Hawking temper-
ature. Thus the phase space Γ becomes topologically equivalent to R3×S1 and
the circle, parametrized by ΠM , can be unwrapped by means of a coordinate
transformation (M,ΠM , q,Πq)→ (X,ΠX , q,Π′q) :
ΠX =
√
B(M, q)
π
sin (2πΠMTH(M, q)) , Π
′
q = Π
′
q(M,ΠM , q,Πq), (19)
X =
√
B(M, q)
π
cos (2πΠMTH(M, q)) , (20)
where both B(M, q) and Π′q(M,ΠM , q,Πq) are functions which are set by the
request that the above change of coordinates is canonical i.e.
ΠXδX +Πqδq = ΠM
(
TH(M, q)
∂B(M, q)
∂M
)
δM+
+
(
Πq +ΠMTH(M, q)
∂B(M, q)
∂q
)
δq.
This implies:
∂B(M, q)
∂M
= T−1H (M, q), Π
′
q = Πq − TH(M, q)
∂B(M, q)
∂q
,
where the first equality, together with the first law of thermodynamics for black
holes, grants us that ∂B(M,q)
∂M
= ∂S(M,q)
∂M
or, equivalently, upon integration
B(M, q) = S(M, q) + F (q). (21)
The function F (q) is an a priori arbitrary function though it is commonly chosen
as −S0(q), the minimum of the entropy S(M, q) in terms of M, q. The reasons
behind this prescription are several, the most notable lying in the coordinate
transformations (19) and (20) which grant us that the region (M,ΠM ) ∼ S1 ×
R ⊂ Γ is mapped into (X,ΠX) ∼ R2 − D where D is a disk of radius S0(q) +
F (q) ≥ 0. Thus F (q) = −S0(q) grants us that the subspace (X,ΠX) of the
phase space with coordinates (X,ΠX , q,Π
′
q) is R
2. As shown in [5], the above
choice also uniquely determine Π′q as
Π′q = Πq +ΦΠM +ΠMTH(M, q)
dS0(q)
dq
,
where Φ is the electrostatic potential at the boundary of the region of spacetime
under consideration.
Considering the phase space variables (X,ΠX , q,Π
′
q) as observables on a
suitable Hilbert space of square integrable functions in such a way that they
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satisfy the canonical commutation relations [Xˆ, ΠˆX ] = [qˆ, Πˆq] = i, we can di-
rectly obtain the area spectrum. By direct inspection of (19), (20) and of (21)
we end up with:
S(M, q)− S0(q) = π
(
Xˆ2 + Πˆ2X
)
. (22)
The right hand side is a self-adjoint operator on the above mentioned Hilbert
space and it can be straightforwardly quantized as in ordinary quantum me-
chanics:
S(M, q)− S0(q) = 2π
(
n+
1
2
)
. n ∈ N (23)
In order to complete our task, we need also to quantize the electromagnetic
sector and this can be achieved following [5] where, starting from (17), it has
been shown that the phase space points (q,Π′q) and (q,Πq + 2π
n1
e
+ n2
dS0(q)
dq
)
(n1, n2 ∈ N) must be identified i.e. the subspace spanned by (q,Π′q) ∼ S1 × R.
If we consider a momenta representation for the charge operator i.e. qˆ = i ∂
∂Πq
,
then the wavefunction for a charge eigenstate is proportional to eiqΠq which
must be single-valued. Considering the above periodicity for the q-variable, the
request of singlevaluedeness implies that
n1
q
e
+ n2
q
2π
dS0(q)
dq
∈ N,
which grants us the quantization rules:
q = me,
q
2π
dS0(q)
dq
= p. (24)
It is worthwhile underlining that the above equations are not independent and
they ultimately provide a constraint on the possible values of e in terms of p and
m [5]. Thus, upon selecting a specific black hole background and consequently
a specific expression for S0(q), (23) together with (24) provides a quantized
expression for the entropy. At this stage, some comments are in due course:
• if we consider scenarios where the Bekenstein entropy to area ratio holds,
(23), together with (24), automatically provides an area spectrum,
• S0(q) is the minimum of S(M, q) and thus, if the relation S(M, q) = A(M,q)4
holds, A0(q) represents the event horizon area for the black hole in the
extremal configuration; a similar assertion cannot be stated for S0(q)
since, in this specific scenario, such as for example the extremal Reissner-
Nordstrøm black hole, the classical entropy is vanishing and thus the
Bekenstein formula does not seem to hold. This issue is nonetheless
still under debate mainly due to apparent discrepancy between the re-
sults achieved from thermodynamical arguments and those inferred from
a statistical counting of (extremal) black hole degrees of freedom in string
theory. We refer to [29] and references therein for a recent discussion on
this specific problem.
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2.2 The spectrum of an asymptotically flat Reissner-Nord
strøm black hole
The approach discussed in the previous section can be applied to several scenar-
ios though the most natural and one of the first analyzed is the asymptotically
flat Reissner-Nordstrøm black hole. The starting point is (4) which appears to
be a rather specific subcase of (5) where the radius r of the sphere plays the role
of the dilaton ψ and where V (r) = 1, D(r) = r
2
2 and W (r) = r
2. Consequently,
solving (7) as Ω2(r) = r =
√
2φ, we can recast (4) as
S =
∫
M2
d2x
√
|g¯|
[
1
2
(
φR(gαβ) +
√
1
2φ
)
− (2φ) 32 F (2)αβF (2)αβ
]
. (25)
A solution for the Euler Lagrange equation for this action can be directly inferred
from (9), (10) and (11); since, in this specific setting, 2σ = r2, we end up with
j(σ) =
√
2σ and k(σ) = − (2σ)− 12 i.e., switching back from σ to the r coordinate,
Fαβ = − q
r2
ǫαβ , (26)
ds2 = −r
[
1− C
r
+
q2
r2
]
dτ2 + r
[
1− C
r
+
q2
r2
]−1
dr2, (27)
which, bearing in mind the conformal rescaling (6) and plugging (27) in (3),
is the Reissner-Nordstrøm metric with C identified with twice the black hole
mass M . It is straightforward to realize, starting from (27), that the analysis
in the previous section can be applied to this specific scenario and thus we are
entitled to construct the entropy/area spectrum. The unique step consists in
remembering that the radii of the inner and outer event horizons are
r± =M ±
√
M2 − q2.
Thus the entropy is S(M, q) = πr2+ whereas the extremal configuration is
achieved whenever M = q (i.e. r+ = r− = q) which implies either that
S0(q) = πq
2 either that (24) becomes
q = me, q2 = p,
or equivalently e2 = p
m2
. This quantization rule for the charge can be set in
(23), eventually finding the area/entropy spectrum
S =
A
4G
= 2πn+ π(p+ 1). (28)
Here we have restored the explicit dependence on the Newton constant G since,
bearing in mind that the adiabatic invariant is A(M, q) − Aext.(q), a direct
inspection of (28) shows that the value of a0 in (1) can be set to 8πl
2
p. An
interesting consequence of this result arises if we bear in mind that the vacuum
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classical configuration of a Reissner-Nordstrøm black hole corresponds to the
extremal configuration with area Aext. = πq
2 = πp. If we interpret the quantum
number n in (28) as labelling the excited levels over the vacuum n = 0, the
classical lower bound is never reached due to the presence of an additional
term π which can be interpreted as a symptom of vacuum fluctuations. Thus
we can conclude that the extremal configuration does not lie in the spectrum
constructed with this specific quantization technique and this feature will be
common also when we will deal, in the next section, with a non vanishing
cosmological constant scenario.
3 The Reissner-Nordstrøm AdS black hole
Let us now address the main question of this paper namely if we can extend the
above results for a charged non rotating asymptotically flat black hole to the
asymptotically AdS counterpart. Adopting the same notations and conventions
from the previous sections, the starting point is the Einstein-Maxwell action
with a cosmological term i.e. [19]
S =
∫
M4
d4x
√
|g|
(
R− 2Λ
16π
− FµνF
µν
4
)
, (29)
where Λ < 0 is the cosmological constant. If we look for spherically symmetric
solutions for the Euler-Lagrange equations, we can introduce a coordinate frame
(x0, x1, θ, ϕ) and we can write the metric as
ds2 = gαβdx
αdxβ + r2(xα)dΩ
2(θ, ϕ),
where gαβ is a two dimensional metric depending upon the coordinates xα
.
=
{x0, x1} spanning a two dimensional submanifold M2 ⊂M4.
Assuming that also the U(1) vector potential Aµ is spherically symmetric, we
look for the dimensionally reduced action plugging the above metric in (29). A
straightforward calculation ends up with
S =
∫
M2
d2x
√
|g|
[(
gαβ
4
∂αr∂βr +
1
2
+
r2
4
(R(gαβ)− 2Λ)
)
− r
2
4
F (2)αβF
(2)
αβ
]
, (30)
This is again a special case of (5) with r(xα) playing the role of the dilaton
field, D(r) = r
2
2 , W (r) = r
2, but V (r) = 1 − Λr2. Thus we can exploit (6)
and (7) redefining the dilaton as φ = r
2
2 and introducing the conformal factor
Ω2(φ) = r =
√
2φ; consequently the above action is transformed in
S =
∫
M2
d2x
√
|g¯|
[
1
2
(
φR(gαβ) +
√
1
2φ
− Λ
√
2φ
)
− (2φ) 32 F (2)αβF (2)αβ
]
. (31)
A solution for the Euler-Lagrange equation for this action can be inferred di-
rectly from (9), (10) and (11), namely, bearing in mind that the role of the
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spatial coordinate σ is played by φ, we calculate k(σ) = −(2σ)− 12 whereas
j(σ) =
√
2σ− Λ3 (2σ)
3
2 . Switching back to the r-coordinate by means of r2 = 2σ,
we end up with
Fαβ = − q
r2
ǫαβ , (32)
ds2 = −r
[
1− C
r
+
q2
r2
− Λ
3
r2
]
dτ2 + r
[
1− C
r
+
q2
r2
− Λ
3
r2
]−1
dr2, (33)
which is, up to the conformal rescaling (6), the AdS Reissner-Nordstrøm metric
with C identified with twice the black hole mass M (see [30] and sections 24.2,
24.4 in [31]).
As it is shown in the previous discussion, the main effect of the cosmological
constant from the point of view of dimensionally reduced gravity concerns the
variation of the potential V (r) which is no more a constant, but it acquires a
term directly dependant on the r-variable. Nonetheless, from the point of view
of the Hamiltonian approach to black hole spectroscopy, we can still repeat from
scratch the analysis discussed in section 2.1. Thus we can introduce a generic
two dimensional metric ds2 = e2ρ
[−N1dt2 + (dx+N2dt)2] and we can repeat
the same analysis ending up with the Hamiltonian (14).
The only subtlety lies in the discussion of the boundary term Hsurf ; within
this respect it is interesting to notice that the analysis in [24], summarized
in section 2.1, do not require a priori the asymptotical flatness of the metric,
but only that it tends at least asymptotically to (9), thus it can be applied
to an AdS background. We will not discuss this issue in details in this paper;
suffice to say that a more detailed analysis of the Hamiltonian dynamic for
a charged AdS black hole has been presented in [32] (c.f. sections II e IV)
though without the language of dilatonic gravity. In particular it is shown
that, also for an AdS Reissner-Nordstrøm black hole, it is possible to construct
a reduced phase space depending only upon the black hole mass M , the U(1)
electric charge q and the conjugate momenta respectively ΠM and Πq. We Wick-
rotate the Lorentzian time to the Euclidean counterpart in such a way that, in
order to avoid a conical singularity in the metric, the latter must be periodic
with period T−1H (M, q) = 4πr+
(
1− q2
r2
+
− Λr
2
+
2
)−1
, being r+ the outer horizon
radius of the AdS Reissner-Nordstrøm black hole. The same result translates
to ΠM i.e. ΠM ∼ ΠM + T−1H (M, q); slavishly repeating the construction from
the previous section, it is now possible to demonstrate that the Hamiltonian
ultimately depends only upon the four mentioned reduced phase space variables
and on the boundary conditions, thus it can be written as (18).
Eventually we are also entitled to consider in the reduced phase space Γ the
canonical transformations of variables (19) and (20). The final result mimics
that of an asymptotically flat Reissner-Nordstrøm black hole i.e.
S(M, q)− S0(q) = π
(
Xˆ2 + Πˆ2X
)
,
where we have interpreted the phase space variables as operators on a suitable
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Hilbert space. Consequently we end up with the following entropy spectrum:
S(M, q)− S0(q) = 2π
(
n+
1
2
)
. (34)
The real difference in comparison with the scenario considered in the previous
section lies in the expression for S0(q) and in the quantization for the elec-
tromagnetic sector. As discussed previously, S0(q) stands, classically, for the
entropy of an extremal black hole i.e.
S0(q) = πr
2
ext = π
[
1−
√
1− 4q2Λ
2Λ
]
, (35)
whereas the charge can be quantized by means of (24) i.e.
q = me,
q2√
1− 4q2Λ
= p. (36)
As stated in section 2.1, these two quantization conditions must be simultane-
ously satisfied providing a constraint for the value of e namely
e2 =
−2m2p2Λ +
√
8m4Λ2p4 + p2m4
m4
.
By direct substitution of (36) in (35), we find
S0(q) =
π
2Λ
+ πp
(
1 +
√
1 +
1
4Λ2p2
)
,
which, together with (34), provides the full AdS Reissner-Nordstrøm spectrum:
S(M, q) = 2πn+ πp
(
1 +
√
1 +
1
4Λ2p2
)
+ π
(
1 +
1
2Λ
)
. (37)
At this stage, a few remarks are in due course:
• The levels in (37) are not equispaced though it appears that, whenever
Λp≫ 1, the entropy spectrum can be approximated with a formula grant-
ing equispaced levels. This limit can be achieved in two ways; in the first
we consider great integer values for the quantum number p whereas, in
the second case, we deal with the limit Λ ≫ 1. In this latter scenario, it
is interesting to remark that the spectrum tends to its asymptotically flat
counterpart (28).
• the spectrum (37) is consistent with the AdS-Schwarzschild black hole
namely if we consider a vanishing electric charge, the electric sector con-
tribution cancels i.e. S(M) = 2πn + π. This is a universal result proper
of any two dimensional dilatonic gravity and thus also of the spherically
symmetric reduced scenario of a Schwarzschild black hole, independently
from the value of the cosmological constant [15, 16].
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• if we interpret the quantum number n as a measure of the excitation of
the AdS Reissner-Nordstrøm black hole above extremality, we find, set-
ting n = 0 in (37) and independently from the charged sector, a non
zero entropy which can be interpreted as the symptom of vacuum fluctu-
ations. This result coincide with that achieved in the asymptotically flat
counterpart, namely, within this quantization scheme the extremal con-
figuration does not lie in the spectrum. To a certain extent this result
confirms the statement (see [18] and [33]) according to which a third law
of thermodynamic for black holes can be formulated: it is impossible that
a non extremal black hole decays in an extremal configuration in a finite
sequence of physical processes.
• bearing in mind that the adiabatic invariant for a non neutral black hole
is the difference between the area and its extremal value, we can infer
from a direct inspection of (34) the value of a0 in (1) i.e. 8πl
2
p as in
the asymptotically flat Reissner-Nordstrøm scenario. The reader should
also take into account that the constant term in (34) was not considered
in Bekenstein ansatz though it is a natural feature both in the reduced
phase space approach and in the axiomatic one discussed in the appendix.
• within the framework of Bekenstein formulation of black hole spectroscopy,
a key result lies in the equivalence for a charged black hole between the
reduced phase space approach and the axiomatic one, the latter reviewed
in the appendix. As shown in [34] it is possible to start from the Hamil-
tonian formulation on the reduced phase space and to construct, as in
the axiomatic scenario, an algebra of operators in terms of the variables
(M,ΠM , Q,ΠQ). Within this framework the two above mentioned ap-
proaches are identical with a due exception: the area operator considered
by Bekenstein is equivalent in the reduced phase space approach to the
the difference between the area of the event horizon and the area in the
extremal configuration. Furthermore it appears that the eigenvalue which
is obtained in [34] i.e. (34) is different from the Bekenstein one (43) up
to a sign in the lowest eigenvalue; to the best of our knowledge such dis-
crepancy has no clear explanation and it should be investigated carefully.
Nonetheless the reasoning of [34] can be smoothly extended to our sce-
nario and also, in an extremal AdS Reissner-Nordstrøm black hole, the
equivalence between the axiomatic and the reduced phase space methods
can be claimed.
4 Conclusions
In this paper we have explicitly constructed the area spectrum (37) for an AdS
Reissner-Nordstrøm black hole and, in particular, we have shown that the con-
tribution from the extremal part and the charged sector breaks the equispacing
between the eigenvalues of the area operator. This result is ultimately true
only in the Euclidean regime as in the asymptotically flat scenario, but we are
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not aware of a universally accepted derivation of area spectra in a Lorentzian
background. Nonetheless we believe that the result could be highly interesting if
considered as a starting point for future line of researches. In particular, besides
addressing the natural question of the de Sitter counterpart of our analysis, the
next direct step consists of considering a rotating black hole. In the asymptoti-
cally flat case, the Kerr-Newman solution has been studied in detail in [8], the
main a priori difficulty lying in the non separability of the charge and the spin
sector. This implies that this scenario cannot be seen as a simple extension of
the charged non rotating case [5] or of the neutral rotating case [9]; a similar
consideration could be applied to the results of this paper and thus the analysis
of the AdS-Kerr-Newman black hole deserves careful considerations.
A further interesting application of the reduced phase space approach to
black hole spectroscopy has been developed in section V of [35], where it has
been shown that a direct consequence of an equispaced area/entropy spectrum
is a markedly discrete spectrum for the Hawking radiation in the considered
background. On the opposite, when the area spectrum in not equispaced (but
discrete) such as in the three dimensional BTZ black hole or in the five dimen-
sional rotating black hole, the corresponding spectrum for the Hawking radiation
is quasi-continuum. Thus, in our scenario, we can slavishly repeat the analysis
from the above cited paper starting from the first law of thermodynamics for a
charged non rotating black hole
δM = THδS + φδQ,
where TH is the Hawking temperature and φ is the electrostatic potential which
on the horizon can be set to φ = Q
r+
. If we take into account that |δM | is
proportional to the lowest frequency ω0 emitted in the Hawking radiation for
the transition of a black hole from an excited level to its next lower state, the
above equation becomes
δω0 = πTH
[
δn+
(
1 +
1
2Λp
√
1 + 4Λ2p2
)
δp
]
+
e2p
r+
δp, (38)
where we have set Q = pe and we have used the entropy spectrum formula
(37). A direct inspection shows that the AdS Reissner-Nordstro¨m black hole
shares the same feature than the black hole considered in [35] i.e. if we consider a
variation δn = 1 but δp = 0, the spectrum appears to be equispaced. This is not
surprising since it is a direct consequence of the reduced phase space approach
which ultimately grants us that the spectrum of the black hole entropy minus the
contribution from the extremal configuration is that of an harmonic oscillator.
Conversely, if we choose δn = 0 but δp = 1, the spectrum is not equispaced and
if we consider macroscopic black holes and large quantum numbers (i.e. n, p≫ 1
and r+ ≫ e2p), (38) tends to 0 for p → ∞ i.e. the spectrum for the Hawking
radiation appears to be quasi-continuum. It is fair to admit that this is more a
preliminary remark more than a definitive claim; hence it would be interesting
to repeat the above analysis in different asymptotically AdS backgrounds since
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the physical origin of the above behaviour apparently lies in the presence of the
cosmological constant1.
On a broader setting, as briefly stated in the introduction, the results from
this paper should be compared with different methods of area quantization the
most notables arising from loop quantum gravity [11] and from the interpre-
tation of the discreteness of the spectrum as an absorption of quasi normal
mode excitations [13, 12] (see also [36] for an application to asymptotically flat
extremal Reissner-Nordstrøm black holes and [37] for an application to BTZ
black holes). In particular the area spectrum calculated in this last approach is
completely different from the one calculated with the Hamiltonian framework
we have introduced in the previous sections. In the asymptotically flat scenario
there is no deep explanation for this discrepancy and, thus, we believe that
the results in this paper could be, from the Hamiltonian point view, a starting
point to extend the comparison between the above two mentioned methods in a
wider class of spacetimes though the analysis of area spectra from quasi-normal
modes in an AdS background is still far from complete (for a calculation of quasi
normal modes for the AdS Reissner-Nordstrøm black hole see [38]).
Moreover it would be of great interest to analyze the results in this paper
from the point of view of an holographic reconstruction of black hole physics.
This specific point of view has not been pursued in the previous analysis of black
holes spectra mainly due to the lack of a complete construction of an holographic
correspondence in an asymptotically flat background. Conversely, in this paper
we dealt with an asymptotically AdS spacetime which is the natural setting for
the (asymptotically) AdS/CFT correspondence and it is important to remember
that the black hole entropy is related to a conformal group or, more properly,
to the associated Virasoro algebra by means of the Cardy formula. The usual
rationale consists on constructing a conformal group on the horizon itself though
it has been shown that this is not a unique point of view and it is also possible to
deduce the statistical black hole entropy starting from the conformal asymptotic
symmetry group as in [39] where the entropy of a two dimensional black hole2 is
calculated in the framework of the AdS2/CFT1 correspondence. Thus, from a
broader point of view, our hope is that the area operator for an AdS black hole
could always be interpreted as a suitable dual quantum mechanical operator in
the boundary conformal field theory and that the analysis of the spectrum of
such an operator could be the same or at least related with the one proposed in
our analysis by means of a semiclassical argument. To the best of our knowledge,
such line of research has not been pursued yet and we are currently investigating
it.
1In the AdS-Schwarzschild scenario, the spectrum for the Hawking radiation is clearly
equispaced since the only contribution to the entropy comes from the “harmonic oscillator”
as we have underlined at the end of the previous section
2The reader should bear in mind that, as it was discussed in the previous sections, a four
dimensional spherically symmetric black hole can be equivalently described by means of a two
dimensional black hole and of a a dilaton field by means of a dimensional reduction procedure.
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A The axiomatic approach
The first approach to black hole area quantization, often referred to as the
algebraic or axiomatic formulation, has been discussed in [40, 41, 42, 43]. The
underlying rationale consists of introducing a suitable set of operators defining
a closed algebra by means of their commutation relations. The starting point
lies in the intuitive assumption that it exists a suitable Fock space F whose
elements |nqjms〉 describe a one-black hole state which is characterized by the
eigenvalues of the following set of operators (~ = 1):
• an area operator Aˆ such that Aˆ |nqjms〉 = an(q, j,m) |nqjms〉 , n ∈ N,
a0
.
= 0 and an+1 > an,
• a charge operator qˆ such that qˆ |nqjms〉 = qe |nqjms〉 where q ∈ Z.
• the usual angular momentum operators Jˆ2, Jˆei such that Jˆ2 |nqjms〉 =
j(j + 1) |nqjms〉 with j a positive integer or semi-integer. Jˆei is the
projection of Jˆ along a fixed direction ei and Jˆei |nqjms〉 = m |nqjms〉
with m = −j, ...., j for a fixed j.
The last quantum number, s, distinguishes between elements in F with the
same values of (nqjm) and thus it runs from 1 to the degeneracy gn of the
state |nqjms〉 . It is possible to further characterize a state with fixed value
of s introducing a suitable operator which admits s itself as an eigenvalue [8].
Unfortunately such approach requires that the equispacing of the spectrum of
the area operator is a priori imposed, but this is a strong request which may
not be satisfied in several physically interesting scenarios. Conversely, we will
stick to the approach, first introduced in [40] and in [42], where it is assumed
that it exists an operator Rˆnqjms such that
Rˆnqjms |vac〉 = |nqjms〉 ,
where |vac〉 ∈ F is the unique state |00000〉 .
If we also introduce the identity Iˆ, the set of operators Aˆ, qˆ, Jˆ2, Jˆei , Iˆ together
with Rˆnqjms is required to form a closed and linear algebra; besides the natural
property of closure, the linearity is a strong assumption justified only by the
physical prescription that Aˆ forms an additive quantity whenever several black
holes are taken into account. Following the calculations of [40, 41], we introduce
for simplicity the usual operators Jˆ± = Jˆel ± iJˆek where (ei, ek, el) form an
orthonormal base in R3 and where Jˆ2 = 12
(
Jˆ+Jˆ− + Jˆ−Jˆ+
)
+ Jˆ2ei ; the algebra
defining commutation relations are:[
qˆ, Rˆnqjms
]
= qeRˆnqjms,
[
Jˆei , Rˆnqjms
]
= mRˆnqjms, (39)[
Jˆ±, Rˆnqjms
]
=
√
j(j + 1)−m(m± q)Rˆnqjm±1s, (40)[
Aˆ, Rˆnqjms
]
= anRˆnqjms + δ
0
q
[
δ0j
(
Dnsqˆ + EnsAˆ
)
+ δ1jFnsJˆei
]
, (41)
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where Dns, Ens, Fns are arbitrary complex numbers for all n, s and where all
other commutators either are 0 or they assume the canonical expression as in
quantum mechanics.
Starting from the above ansatz, it is possible to construct the area spectrum
for a spherically symmetric black hole as in [40] and as in [41]. Without en-
tering into the details of Bekenstein calculations, let us nonetheless show the
main results. The first step consists of noticing that the above commutation re-
lations, in particular [Aˆ, Jei ] = 0, grant us the rotational invariance for the area
eigenvalues i.e. an(q, j,m) = an(q, j). Moreover a similar argument excludes
the dependence on the j quantum number and, eventually, the one-black hole
area operator depends only on the charge q; thus a long and tedious calculation
shows that the eigenvalues an must satisfy, for a neutral black hole, the identity
an(0) = na1(0), (42)
whereas, for a charged black hole,
an(q) =
(
n− 1
2
)
a1(0). (43)
Thus a1(0) plays the role of a0 in (1) and, whenever the black hole is charged,
(43) shows that there is also a constant contribution which was not present in
(1). Let us conclude with two important remarks: from one side the above
discussed approach does not provide any means to explicitly calculate a precise
value for a1(0); from the other side either (42) either (43) grant us that the area
spectrum for a black hole is uniformly spaced without any need to assume a
priori such behaviour as in [8].
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